
Chapter 3

Linear acceleration and

Relativity

when world-lines
are

not straight

So far we have only considered objects moving uniformly relative to some
inertial reference frame. Such objects have straight world-lines in Minkowski
spacetime. It then follows that objects undergoing acceleration should have
curved world-lines. Although accelerated frames of reference are not strictly
part of special relativity, we will investigate them as a link between special an
general relativity. Before we go there, it will be useful to consider a different
way of picturing spacetime–the so called space-propertime diagram.

3.1 Space-propertime diagrams

The usual way of drawing spacetime diagrams is to use coordinate time
versus coordinate space. Some interesting insights can be gained by drawing
propertime intervals against coordinate space intervals. Such diagrams are
also known as Brehme diagrams.

In simple terms it means that if Jim is stationary in the inertial coordinate
system and Pam is moving uniformly relative to him, we plot Jim’s space
intervals and Pam’s propertime intervals against each other. Such a com-
bination has been described by some authers, e.g., [Thorne], as “my space
and your time”.

One of the consequences of using this curious mix of coordinates is that one
can divide ‘my space’ by ‘your time’ and get an answer that exceeds the
speed of light. Never the less, if one use it with caution, space-propertime
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diagrams are very useful and sometimes surpass the insight that can be
gained from normal spacetime diagrams.

If Pam is also moving uniformly, we can plot Pam’s space intervals and Jim’s
propertime intervals; it gives an equivalent, yet mirror-imaged picture, as
shown in figure 3.1.
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Figure 3.1: A space-propertime diagram where Pam moves uniformly at 0.8c relative

to Jim (left) and where Jim moves uniformly at -0.8c relative to Pam (right). Note that

the distances and times are intervals between events.

The figure is drawn for a very fast relative velocity (0.8c). What is im-
mediately obvious, is that the slope of this coordinate time arrow (t) is
less than 45 degrees (at least for positive velocities). Contrast this with
Minkowski spacetime diagrams, where the slope of the (positive) speed of
light is exactly 45 degrees.

What is the slope of the space-propertime arrow for light? The answer is
zero or 180 degrees, depending on direction. This is so because a lightlike
interval between two events represents a zero propertime interval.

The angle that the time arrow makes with the propertime axis (τ) is

ϕ = − arcsin(ẋ) = − arcsin(v/c),

in accordance with the answer to the question above, where positive angles
are taken as per the usual convention.

We will use the space-propertime concept extensively in the discussion of
accelerated objects that follows. We will see in later chapters that gravita-
tional acceleration is also easily visualized in space-propertime diagrams.

3.2 Accelerated frames of reference

It is obvious that if objects are accelerated and their speeds change relative
to the reference frame, they must have curved space-propertime arrows.
Curves are normally characterized by curvature or radius of curvature and
a centre of curvature, all of which may change along the curve.

A circle is the simplest case, where the curvature is constant and equals
the inverse of the radius of the circle. The centre of curvature is simply
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the centre of the circle. Most other curves can be broken up into a large
number of circle segments, each part of the so called circle of curvature
for a point on the curve.

A straight line is an obvious exception, because the curvature is zero, with an
infinite radius of curvature. We will use the circle of curvature to construct
space-propertime diagrams for accelerating frames of reference, a simple
example of which is shown in figure 3.2.

This is a circle segment and the curve has constant curvature 1/R. Constant
curvature does however not represent constant acceleration–not in the rest
frame, neither in the accelerating frame. The reason for this will become
clear later in this section.
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Figure 3.2: The wordline of an accelerating frame, shown here with a constant

curvature around the centre of curvature and radius of curvature R. The curved worldline

(0,∆t) of the accelerating frame has the same length as the ∆τ axis length (0,∆τ).

3.3 Transformation of acceleration

As a first step in studying accelerated frames, we need to know how to trans-
form an acceleration measured inside a moving frame of reference back to
the inertial reference frame. The acceleration ẍ′ measured inside a moving
frame x′ transforms to the rest frame as

ẍ = (1− ẋ2)
3
2 ẍ′, (3.1)

where ẋ is the instantaneous speed of the accelerating frame relative to
the inertial frame of reference. This result is given as face value, but it is
analyzed further in the box on page 62.

The value (1 − ẋ2)
1
2 is the velocity time dilation factor. Therefore, the

rest frame measures an acceleration that is three factors of velocity time
dilation smaller than what is measured inside the accelerating frame.

As an example, accelerate a test object at 1g (from rest) inside a spaceship
that is moving uniformly at 0.6c relative to the inertial reference frame.
Assume that the acceleration is in the direction of motion. An observer
stationary in the reference frame will measure the test object’s initial acce-
leration as

ẍ = (1− 0.62)
3
2 = 0.512 g.
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